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/Probabilistic knowledge representations \

« A probabilistic (Bayesian) model encodes the joint
probability distribution over its variables.

« Knowledge of the joint probability distribution is sufficient

to derive any marginal and conditional probability over the
model’s variables.
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/Probability trees

The simplest and quite natural graphical representation of a
joint probability distribution over discrete variables

p=0.00098

disease

P(disease present A test positive) =P(Dn+) =0.00098
P(disease present A test negative) = P(Dn+) =0.00002
P(disease absent A test positive) =P(~Dn+) =0.04995
\ P(disease absent A test negative) = P(~-D n+) =0.94905
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/Computation In probability trees

from the joint probability distribution encoded in the tree.

We can calculate any marginal or conditional probability distribution

P(D,+)=0.00098

P(D,-)=0.00002

disease

= s P(~D,+)=0.04995

P(~D,-)=0.94905

What is the probability of the disease present?
P(D) = 0.00098+0.00002 = 0.001 €

\
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/Computation In probability trees

from the joint probability distribution encoded in the tree.

P(D,+)=0.00098

We can calculate any marginal or conditional probability distribution

disease P(D,-)=0.00002

= s P(~D,+)=0.04995

P(~D,-)=0.94905

What is the probability of the disease present given a positive test result?
Observation of a positive test result makes some of the branches of the
tree impossible. What we need to do is just renormalize the remaining,
possible (i.e., those that are compatible with the evidence) branches!

\ P(D|+) = 0.00098/(0.00098+0.04995) ~ 0.01924 <€ /
Decision Sysrtermns Lab Representations of the JPD
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/VVhat IS wrong with probability trees? \

Trees grow exponentially with the number of variables

disease

For n binary variables, we will have 2" branches.
When n=10, the total number of branches is 1,024

When n=11, it is 2,048

\ When n=20, it is 1,048,576 (which is a lot ©) /
D s L Representations of the JPD
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/Great Idea (only 30-40 years old) \

Use independences among
variables in the joint probability
distribution to reduce the number
of parameters In its representation!

Due to seminal work on probabilistic independence
by A. Philip Dawid and Judea Pearl
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All brilliant ideas are obvious
(once we have them ©)

Then why none of
the civilizations in

the Americas had
it?

Is the concept of a
\wheel obvious?
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/Factorability of the joint probability distribution \

Every joint probability distribution can be factorized, i.e.,
rewritten as a product of prior and conditional probability
distributions of each of the model’s variables

FOKps Koy ooy X)) = FOKL | X, Xg, ooy X)) TOKG | X3, oci X)) e
f(xn-z | Xn-1’ Xn) f(Xn-l | xn) f(Xn)

e.g., four variables (a, b, c, d), we have:
P(A,B,C,D)=P(A|B,C,D) P(B|C,D) P(C|D) P(D)
P(A,B,C,D)=P(A|B,C,D) P(B|C,D) P(D|C) P(C)

P(A,B,C,D)=P(B|A,C,D) P(DIA,C) P(A|C) P(C)

There are n! different directed graphs corresponding to various ways
of factorizing a joint probability distribution over n variables.

\ For n=4, we have 4!=24 different factorizations. /
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/Factorability of the joint probability distribution \

e Any factorization can be simplified if we consider
Independencies among variables.

 Those factorizations that become the simplest are
better than others in terms of efficiency of
representation.

e.g., suppose we know that B1D|C, D1A|C, and A1C
We can simplify

P(A,B,C,D)=P(B|A,C,D) P(D|A,C) P(A|C) P(C)
Into

P(A,B,C,D)=P(B|A,C) P(D|C) P(A) P(C)

Representations of the JPD /




/Bayesian networks \

 This underlies the very idea of Bayesian networks.

 We draw a directed graph with arc from the conditioning
variables to the variables in the factorization.

B (K
P(A,B,C,D)=P(A|B,C,D) P(B|C,D) P(C|D) P(D) =— i '&
P(A,B,C,D)=P(A|B,C,D) P(B|C,D) P(D|C) P(C) \ e 0
P(A,B.C,D)=P(B|A,C,D) P(DIA.C) P(AIC) {Absence of an arc
is a graphical D>
representation of
P(A,B,C,D)=P(B|A,C) P(D|C) P(A) P(C) |Independence!

- ® ©
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/Bayesian networks \

A Bayesian network [Pearl 1988] is an acyclic directed
graph consisting of:

 The qualitative part, encoding a
domain's variables (nodes) and
the probabilistic (usually causal)
iInfluences among them (arcs).

 The quantitative part, encoding
the joint probability distribution
over these variables.

n S L Representations of the JPD /
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Bayesian networks: Numerical parameters

b (a1 _below_20 0.0416
a2 2029 ¢ 0.2012
a3 29 45 0.3079
ad_45 60 0 2989
abh &0 up 0.1504

\

DS

Decision Syscems Laboracory

Prior probability distribution tables for
nodes without predecessors (Age)

Please note that each absence
of an arc (i.e., each
iIndependence modeled) is

» |means one less dimension in
+ |the corresponding conditional
probability table!

Conditional probability

distributions tables for
nodes with predecessors

A (HPV, Pap test, Cervix)

Age al below 20| a2 2029 | a3l 29 45 | a4 45 60 | ab 60 up
| [NA 0.8652 0.8387 0. 7904 0.8055 0.8851
| |Negative 0.065 00901 0.1782 0.1765 0.1012
| b | Positive 0.0613 0.0282 0.0142 0.0082
Qns 0. 0045 0. 0045 0.0032 0.0033 0.0055
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\

ﬂeasoning In Bayesian networks \

The most important type of reasoning in Bayesian networks is
updating the probability of a hypothesis (e.g., a diagnosis)
given new evidence (e.g., medical findings, test results).

Example:

What is the probability of
Invasive cervical cancer in
a (female) patient with
high grade dysplasia with
a history of HPV
infection?

Generally, the more sparse the
structure of your network, the

P(CxCa | HPV=positive, HSIL=yes) fewer parameters, the faster
inference in the Bayesian

network. /
Representations of the JPD
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/Probability trees and Bayesian networks

™

probability tree

0=0.00098
disease p=0.00002
| 0=0.04995

<:> ive
m p=0.94905

DS

The two representations are equivalent
But, when there are independences in the domain,
\ Bayesian networks are much, much more efficient!

Bayesian network

b [present { 0.001]

absent 0.999

Test

Disease |absent |present
b |negative | 095 002
postive : 0.05: 033

Representations of the JPD /
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HEPAR Il Model

= ot

\ Reactive hepatitis
; : ¢ Toxic hepatitis . i —
.| Hepatic steatosis 2 Hepatic fibrosis ) present 2%|
(- Carcinoma present 4%
present 10% I present 4% I abeent -:l abzent 58% -
sbsent sow[l | absent sew[l | present &% |
absent 94% |0 |
Functicnal hyperkilir...
() Chrenic hepatitiz [ Cirrhosiz o cac ,f’/ ©
active  12%(]] \\\“deoumpensate A present 7%
persistent 5%|| %mmpﬂrﬂate 2% present 38% [ L—""|ab=ent 93%|
absent a2 [ [iTlabsent oz [N pboont 62% BE_]

E—

70 variables; 2,139 numerical parameters (instead of over 27% 10%!)

Representations of the JPD
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Pittsburgh Cervical Cancer Screening Model

. - (4] Age [ Race (4] other_hist_name
(& infection_name
- al_below_20 0% Black 0% L] HPY AGUS 0%
Candida 0% | ]
Chiamydia - a2 20 29 0% Other 0% _ NA _ 0% Bleeding 0%
S o a3 20 45  100% | Unknown 0% __"_Negf_ﬂ_we 0% CN1 0%
condyioms | rekas 45 60 0% White  100% Positive 100% [N w/ciz cinz 100% |
— - a5_60_up 0% = Qns L E  |Dysplasia 0%
HPV_NEGATIVE 0% J \‘ i“b".” e g:
ezion
HPV_POSITIVE 1% o Polyps © EETvix Abn_Endometrial_5.. 0% = menstname
N 09% ves 1%| N& 18%, .] - - i Post_Menopausal Bleeding 0%|
Trichomonas 0% | o 7% benign g, T =! (Irregular 0%
.b/ CIH1 14%. . (=] contraception_name Post_Menopausal 5% I
) cancer_name CINZ_CINZ_AIS s (I \\\A Birth_Control_Pils 0%/ Menopause 1%
Breast 0% | carcinema 19| [=————{Condom 0% Post_Partum 0%
Cervical 0% carcinoma_not_cervical 0%| Contraceptives 5% I Hysterectomy 0%
Endometrial 0% || < LETS AN 0%| Depoprovera 1% Pregnant 0%
NA sov |  |ee-carcinoma 0% | VAINZ_VAN3 0% Hormanal 0% || NOT_GIVEN 0%
Other 0%|| benign % vaginal_carcinoma 19| Iuo 1% NA (R
Ovarian  0%|| | benign_vagina 1%]| NA aa% I /
Uterine 0% |
[FaTEl s X w\ (] interpretation_name
Wubear 0%
/ l )E:s : nl’::lrsterecmmy \‘ o = e Adenocarcinoma 0%
(] feecode_name (Adenocarcinoma_other 0%
(o} Ovary/fallopian tube no 82% Cervee 5% I - ez -
benign 0%] Na 17% [ '/ \Vagina 2% bt el AGC_Endocervical Cells_Atypi.. 0%
; . TP 0% - - =
manan_carcmn I i TP imaged 97% _:l (AGC_Endometrial_Celle_Atypical 0%
B s -:l ASC H 0%
CONE 16% f;fu = 3:
ece 7% (Il -] adequacy_name HSIL 0% |
EMS 19| - —
Excisional Bx 0% Satisfactory 2%]| Negative _ 0%
HYSTERECTOMY 1% | Satisfactory EC 319 Nn_Pr|mary_Interpret§tmn 0%
NA 7% .] Satisfactory_No_EC_TZ 16% - 5q uamuus._CeII_CarcmDma 0%
POLYPECTOMY 1o UNSAT 1%| SUSP_Malignant_Cells 0%
TRACHELECTOMY 0% | =t HE
VAGINAL 3%l EHEE 0% [

[Onisko et al.] 18 variables; 295,163 numerical parameters (instead of over 1013!)

DS
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Diagnosis of Diesel locomotives

082 s believed to be the
number of atoms in the
observable universe

wn

[Przytula et al.] 2,127 variable

DS

Decision Syscems Laboracory Representatlons Of the \]PD

; 12,351 numerical parameters (instead of 221271)




/Independences: Markov condition

from the graph.

predecessors.

\

DS

» Allows to read back dependences and independences

* Informally speaking, it is an assumption that ties directed
probabilistic graphs with probability, specifying how a
directed graphs represents independence.

« Anode is independent of its non-descendants given its

Decision Syscems Laboracory

™
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Markov condition: Example

P(H,G,W,R,B,S, F)=P(H|G,F) P(G|R,B,S) P(W|S) P(R) P(B) P(S) P(F)

< Rain (R)

[Present10% ||
Absent 90%

This graph implies the following
(conditional) independences:

RLB, RLS, BLS, RLF, BLF, SLF
RLW, BLW, WLF, GLF

RLH|G, BLH|G, SLH|G, WLH|G
WL*S

RLW|G,S, BLW|G,S

\

DS

< Broken Bottle (B)|
[Present 5%||
Absent 95%

= Sprinkler (8)

= Wet Grass (G)

et 24%F

Dry 76%

On10%]]

Off90%
< Water Bill (W)

High 3E%|i]

Low 64%

- Fertilizer (F)

Fertilizer 3ﬂ%|i]

NoFertilizer 70%

¥
) Healthy Grass [I-m/

Good 51 %|i]

Poor 49%

Decision Syscems Laboracory
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/Equation-based systems and graphical models \

-

classsize = (nstud * cload) / (nfac * tload)
facsal = (oinc + tuition * nstud) / (nfac * (1 + overh)) «— Core equations
stratio = nstud / nfac
cload =15

tload = 6
< nstud = 22102 —— Equations for exogenous variables

nfac = 3006
oinc = 30000000
tuition = 12000
overh =0.48

\

Together they determine :
the structure of the model

,.,D S L Representations of the JPD /
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\

quuation-based systems:

Reversibility of causal ordering

classsize = (nstud * cload) / (nfac * tload)
facsal = (oinc + tuition * nstud) / (nfac * (1 + overh))
stratio = nstud / nfac

=ee—==2666— stratio = 10
oinc = 30000000

tuition = 12000

overh =0.48

"

The new model structure ——

Explication of the asymmetries due
to Herb Simon (early 1950s)

'E Restructured univ_eqn

cload = 15 _ |
tload = 6 Setting stratio to be exogenous
< nstud = 22102 at the expense of nfac

I =] E3

DS

Decision Syscems Laboracory
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/Advantages of directed graphs \

- May be built to reflect the causal structure of a model
(helps with obtaining insight into the problem)

- Can accommodate representation of uncertainty
- Can be reconfigured as needed

- Have sound theoretical foundations: We are dealing here
with probability theory and decision theory

- We can talk (almost) the same language with statisticians,
philosophers, and scientists

Representations of the JPD /




ﬂamily of directed graphs (a bigger picture) \

(a.k.a. “influence nets,” “causal diagrams,” etc.)

classsize = (nstud * cload) / (nfac * tload)

facsal = (oinc + tuition * nstud) / (nfac * (1 + overh))
stratio = nstud / nfac
cload =15

< tload =6

nstud = 22102

nfac = 3006

Both, systems of equations and joint probability
distributions can be pictured by acyclic directed graphs.

Representations of the JPD /
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